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The unsteady surface element methods provide analytical and numerical procedures for the efficient solution
of certain transient heat conduction problems. The methods are based on Duhamel’s theorem which requires in-
fluence functions. Because the influence functions implicitly include the effects of boundary conditions and
geometries, many different ones are needed. Sometimes the most difficult influence functions to evaluate are
those at the heated surface and at the smallest dimensionless times. This paper provides some early time in-
fluence functions for some basic one-dimensional geometries as well as for some two- and three-dimensional

~ cases for various heated regions on the surface of a semi-infinite body. A given early time solution has the advan-
tage of being valid for a variety of boundary conditions distant from the surface. Some large-time influence
functions are also given. An example is given that illustrates that a combination of a short-time solution and a
large-time solution can sometimes adequately cover the complete time domain.

Introduction

HE unsteady surface element (USE) method and its

variants are compact analytical and numerical methods
for the solution of certain transient heat conduction prob-
lems.!? They are particularly appropriate for two- and three-
dimensional bodies connected over only a portion of the sur-
face. A number of transient influence functions are needed for
the effective employment of the unsteady surface element
method.

Influence functions are defined in two ways. One involves
the heat flow through an area that results from a unit step in
temperature at £=0. The one discussed in this paper is the
average temperature rise over a heated region at time ¢ for a
unit heat flux starting at time ¢#= 0. This function can be used
in the deviation of solutions for arbitrary time variations of
the surface heat flux.

Influence functions derived ultilizing classical methods are
frequently in the form of infinite series that can require many
terms for accurate evaluations. Other solutions are given only
as integrals. These evaluation difficulties are frequently acute
for small times and certain parts of the heated surface. Simple
expressions given in this paper for early times for a variety of
basic geometries obviate the use of expressions that are expen-
sive to evaluate and difficult to manipulate mathematically.
Some long-time expressions are also given.

Early time expressions have greater applicability than
“‘long’’-time solutions because the same solution is valid for a
number of conditions at boundaries distant from the heat
surface.

Another fortunate circumstance for some cases is that the
influence function can accurately approximate the complete
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time domain by using just two simple expressions, one for
early times and one for late times.!?

Influence Functions for Basic
One-Dimensional Geometries

Smali-Time Approximations

The one-dimensional heat flux influence function ¢ (r,¢) is
the solution of the transient heat conduction equation for a
heat flux g, equal to unity and starting at time ¢ equal to zero;
in symbols, &(rt) is related to the temperature rise,
T(r;[) _To, by

¢(r,t)=[T(r,1)—-Ty1/q, (1)

For both brevity and clarity, the basic cases are denoted
herein using the notations given in Refs. 3 and 4, which utilize
Green’s functions to develop the influence functions. The rec-
tangular coordinates are denoted by X, radial cylindrical by R,
and radial spherical by RS. A “1”’ is used to denote boundary
conditions of the first kind (temperature) and a ‘2’ denotes
boundary conditions of the second kind (g). If there is no
physical boundary, a ‘‘0’’ is used. In this section, the cases
considered are a semi-infinite body (X20), plate (X21 and
X22), solid cylinder (R02), region bounded by a cylindrical
hole (R20), annulus (R22), solid sphere (RS02), and region
bounded by a spherical hole (RS20).

The heated surface is the one of primary interest. The exact
Laplace transforms of ¢ (r,¢) at the heated surface, denoted
& (s), are given for most of these cases in Table 1. The Laplace
transforms are given because they are used directly!-? by some
forms of the USE method and also because they are useful for
obtaining small-time expressions. For each case, the heated
surface ¢ (s) is directly proportional to (kpcs®)~ %, where k is
thermal conductivity, p the density, ¢ the specific heat, and s
the Laplace transform parameter. For that reason,
& (s) (kpes3 )" is tabulated in Table 1; it is a function of the
dimensionless transform variable,

v=_(sa*/a)"
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where a is the thickness of the plate or radius of the cylinder or
sphere. For the X-- cases, heating is at x=0 and for the radial
cases at r=a. _

For the annulus (R22), ¢ (s) (kpcs®)” is given by

Ly(V)K, (vb* )Y +1,(vbt YKy (v)
I (vb*)K, (v) =1, (V)K, (vh™")

(—1)?f
3)

where the r= 0 surface is insulated and b* =b/a. The expo-
nent f is zero for b* =1 and unity for b+ < 1.

Small times correspond to large values of s, and thus v, in
the Laplace domain. For that reason, the expressions in Table
1 and Eq. (3) are examined for large v; each case can be ap-
proximated by?

é(s) (kpes3)* =

b , B, B B B
o (s)= (kpcs®) =% <1+—1+_2_+_3+__4_+De~2v[b+~1 \)
vV v vt

O]

where the B; and D coefficients are given in Table 1. For cases
X22 and X21, replace | 5* —1| by unity in the exponent in
Eq. 4).

A number of comments are made about Table 1 and Eq. (4)
to emphasize that the coefficients have a pattern. The very
early time behavior is similar to that of a uniformly heated
semi-infinite body. The plate cases Ib and 1c are similar, with
=+ 2exp( — 2v) being a correction for the boundary condition at
x=a. The coefficients B; in Table 1 have several striking
similarities. The same set of coefficients (except for sign) are
found for the solid cylinder and for the region outside a cylin-
drical hole. The same is true for the two spherical cases. The
coefficients of the spherical cases are constant in magnitude
and are almost twice as large as those for the cylindrical cases.
All the coefficients in Table 1 are linear corrections for cur-
vature effects, but B, is the dominant term for small times.

For the two-plate cases ¢ (s) (kocs?)” is plotted in Fig. 1 vs

T=a/a’s ®)

which is used because small values of 7 correspond to small
times. Inspection of Fig. | reveals that ¢ (s) (kpcs® ) is nearly
unity until 7=0.2, which can be related to the limiting small
time for plates, ™ = af/a? =0.2. Until this time, the insulation
or isothermal conditions at x = & do not affect the temperature
at x=0. This boundary effect is described by the D coefficient
term in Eq. (4).

For the cylindrical cases ¢ (s) (kpes®)" is plotted in Fig. 2.
Again, it approaches unity in all cases for small 7 values. For
the solid cylinder R02, it is always unity or larger, while for
R20 it is always unity or less. The 7 value at which both deviate
from unity by about 2% is ~0.002. For 7 values less than
0.002, the surface temperature rises as if the body were semi-
infinite. For an annulus R22, ¢ (s) deviates from the two basic
cases of R02 and R20: if b* —0, the R02 result is obtained and
if b* — o0, R20 results. The cylindrical void case R20 is par-
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ticularly difficult to approximate for the complete time
domain.

Notice that the annular cases of Table 1 have linear correc-
tions for both the curvature and finite thickness effects, i.e.,
B, and D are not zero.

The time domain expression for small times for the
temperature rise is given by

f o\
T—T,~2q, (W) +-q/‘;—a[clz+ +C (7)1 Gy (14 )2
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Fig. 2 0(s) (kpes®)™? for cylinder cases.

Table 1 Laplace transforms and coefficients for small times of some basic one-dimensional cases

Case Ref. é(s) (kpcs®)” B, B, B, B, D
la X20 6, p.305 1 0 0 0 0 0
1b X22 6, p.310 coth(v) 0 0 0 0 2
1c X21 tanh(v) 0 0 0 0 -2
2a RO2 6, p.329 Iy(v)/1(v) Va % ¥ 63/128 0
2b R20 6, p.338 Ko (v)/K, (v) - Y% - 63/128 0
2¢ R22(b<a) 6, p.332 Eq. (3) Va 2
2d R22(b>a) 6, p.332 Eq. (3) - 2
3a RSO2 7, p.183 v/[v coth(v) - 1] 1 1 1 1 0
3b RS20 v/(1+v) —1 1 —1 1 0
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Table 2 Coefficients for large times of some basic cases

Case Ref. F F, G, G, Gy
b X22 6, p.112 1/3 1
Ic X21 6, p.113 1 0 /2
2a RO2 6, p.203 1/4 2 3.8317
3a RS02 1/5 3 4.4934
3b RS20 6, p.248 1 1 123
s-i circle 11,12 8/3x s /24
s rect 9 Eq.(14) 2b*/m bt (1+b*2)/9
where ¢* is the dimensionless time, ¢+ = at/a?. The C; values Table 3 Coefficients for small times for heated
in Eq. (6) are related to the B; values by regions at the surface of a semi-infinite body
Heated region Ref. H; H, H,
C,=B,, C,=4B,/3n", C;=B;/2, C,=(8/157")B, (7) :
1) Half 6,p. 264 1 0 0
. v s . 2) Quarter 2 1 0
The IC;| values decrease monotonically with i. Notice also ) .
. . 3) Strip, 2a wide 9 1 0 0
that the coefficients C; are equal to or less than the respective 4) Rectangle 9 1+t 1/b+ 0
B, values. Consequently, if a B; term in the Laplace domain 5) Circle 11,12 2 0 1
equation (4) is small, its relative effect is even smaller in the
time domain equation (6). This is important because the
Laplace domain expressions are simpler and easier to evaluate
z

than the real-time expressions.

Large-Time Expressions for Finite Geometries
Expressions for the temperature rise for large times for

“finite’’ geometries exposed to a constant heat flux can be
written as

T-1,=2¢ (F1 + Pyt ——e—F%'*> ®)

Table 2 gives the value of F,, F,;, and F;. The unlike
geometries of a plate (X22), solid cylinder (R02), and sphere
(RS02) have F; values varying in a systematic way such as the
F, values being 1, 2, and 3, respectively. (Klamkin!® in-
vestigated a more general problem of arbitrary bodies, but did
not give specific results.) For an annulus heated at r =@ and in-
sulated at r=>5 (R22 case), F| and F, are

he (B )
1= 1_b+2 _pt2
2
FZ:ml-b” &)

For the region outside the cylinder R20, the temperature at
i
r=ais

qoa{( 4t+>[ 1 1 ( 4t*)]
T—Ty=-2tn 1+ - 1+ 30
" 2k C 2t 16112 c

1
+—t———
2t 322

(w* + 3)} ,
C=0.5772... = Euler’s const (10)

In a number of cases, the short-time solution given by Eq.
(6) and the large-time solution by Eq. (8) can be used to span
the complete time domain. An example is X22 for which the
expressions agree to five significant figures at 1 =0.25. (Not
all cases agree so well!)

Heated Region on a Semi-infinite Body
Small-Time Approximations for Heated Regions on a Semi-infinite
Body

Small-time approximations for the average temperature
over heated regions on the surface of a semi-infinite body are

Fig. 3 Problem of region exterior to cylinder with heating over a
finite length.

given here. The heat flux g, is constant over the region and the
surface is insulated elsewhere. Five basic heating shapes are
considered: 1) half of a semi-infinite surface, 2) quarter of a
semi-infinite surface, 3) infinite strip of width 2a, 4) rectangle
2a % 2b, and 5) circle of radius a. For the first case, the average
is given for the heated region of width a next to the edge. For
the second case, the average is given for the region a X ¢ at the
corner. For all five cases, the average temperature can be given
by

2H, (t* \32 H,
+—= +—=1*2 (11)
3 T 4w

The coefficients H; are given in Table 3. As for the cases given
in Table 1, the leading term is for a uniformly heated semi-
infinite body.

The H, term in Eq. (11) is an ‘‘edge’’ correction and is given
by

unheated perimeter

H =a 12
! heated region being averaged (12)

which is quite general and applies to other regions such as
triangles.
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The H, term is a “‘corner’’ correction. The H; term is a cur-
vature correction for the circular region.

Large-Time Approximations

Large-time expressions for a number of different infinite
bodies heated over a finite region can be given by

T-T, G, G,
=G, —
qoa’k T * (wt+ )32 13

and the G; are given in Table 2 for three cases. The first case is
for the region outside a sphere (RS20). The last two cases are
for semi-infinite bodies with a circular surface heat source of
radius ¢ and a rectangular source, 2a x 2b in dimensions. For
the last two cases, which are labeled s =i circle and s-i rect, the
average temperature T over the heated region is given. The
sources are constant heat fluxes over the indicated area. For
the last case, G, is

2 , 1 1 2
Gl=7{zn[b++(b+2+1)/1]+b+13n[———b+ +<—b+2 +1> ]

1 +3 _ +2 3/2} 4
+3b+[1+b (b**+1)%2] 14

which for a square source (b* = 1) is equal to 0.9464. Again
there are similarities even though there are two different
geometries. Each case has large-time behavior, with the G; be-
ing independent of time. The numerical G, values for the last
three cases of Table 2 are 1, 0.8488, and 0.9464 (for b* =1),
respectively. An approximate relation for G, for the heated
surfaces on a semi-infinite body (last two cases of Table 2) is

8 (A/m)% A%
G~ AT 6 4789 (152)
3r a

where A is the heated area. For the circular region, this expres-
sion is exact; for the square, it gives a result that is 1.2% high.
For the geometry outside a sphere, G, is given by

A/2m)% A%
G, =%:0.3989

(15b)
a

where A is the heated area of a hemispherical cavity on the
surface of a semi-infinite body.

The second term in Eq. (13) for all cases can be exactly given
by the strikingly simple expression,

heated area in semi-infinite region
2= 3 (16)

27a

Since Eq. (16) is true for the disparate cases, it is expected that
it would be true also for other heated regions such as outside a
cube and for a triangular source on a semi-infinite body. A
relation for G, that is valid for the last two cases of Table 3 is

(heated area) X (moment of inertia about center)
3= 4
12a

a7

Additivity of Solutions

For all the small-time solutions examined herein, the
various corrections (edge, corner, and curvature) are simple
additive terms. For this reason, it is postulated that other solu-
tions can be constructed by simple addition. One such case is
for the region outside a cylindrical hole of radius a, which has
the same geometry as case 2b of Table 1. In this present case,
however, heating is uniform only over the finite length of 2L
and insulated elsewhere as shown in Fig. 3. The average
temperature for small times of the heated region is first
considered.

UNSTEADY SURFACE ELEMENT METHOD 1981

Large time
solution

Small time solution

0 L ) 1 1 1
.001 .01 1 1 10 100 1000

Fig. 4 Average temperature rise for heated region shown in Fig. 3.

The problem contains two previously considered, basic
geometric elements: an infinite strip heated on a semi-infinite
body and the region outside a cylindrical hole. For the
uniformly heated strip of width 2L on a semi-infinite body,
the average temperature rise is obtained from case 3 of Table
37

T-T, ~2< at >‘/2_ 1 of

= _ 18
goa’k atn T aL (18)

The temperature rise for the cylindrical hole is found from Eq.
(6) and the coefficients are found from case 2b of Table 1 and
Eq. (7)

r— A1 a1 (an?
T zz< ‘jt) B S G0 Y
qoa/k alw 2 a 2n% a

The leading term in both Eqgs. (18) and (19) is 2(«t/a*7)". The

principle of additivity is to add the corrections to the leading
term; the dimensionless result is

T-T tt\% (1 a 1 1
— =2< ) —<——————+———>t++ —_(t+)32
goa/k ™ = L 2 27"

(20)

Notice that the result obtained from the additivity principle is
not obtained by the usual superposition procedure. A graph of
Eq. (20) for L/a=1 is given in Fig. 4 as the curve on the left.

The large-time transient behavior is now considered; it is
dominated by the boundary conditions distant from the
heated surface. The form of the solution should be the same as
Eq. (13), which is for a uniformly heated finite region inside a
semi-infinite body. The constant G, is the steady-state value
that can be approximated by Eq. (15b) and is accurately given
in Ref. 10; G, is given by Eq. (16),

G,=7a2L/2ta*=L/a @l

Since the heated region is not a flat surface on a semi-
infinite body, Eq. (17) is not appropriate for G;. Instead, the
heated surface area, 2wa,2L, is made equal to that of the RS20
case, 4wa 2, where g, is the radius of Fig. 3 and a, is the
spherical radius. Then, using @,% = a,.L in the third term of Eq.
(13), a,—a, and G5 =" for RS20 from Table 2 gives the G,
value (L/a)?/2. Using these G, and G, expressions in Eq. (13)
gives

kT, L/a (L/a)?
20 G — + 22
Qo G (mtT)"  2(mtt )2 @2

For L/a=1, the exact value of G, is 1.0300, while Eq. (15b)
gives 1.0. The large-time curve of Fig. 4 is obtained from Eq.
(22) using L/a=1 and G, =1.03; the small- and large-time
solutions match very well with the small-time solution ac-
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curate for t* <0.5 and the large-time solution for 7+ >0.5.
This problem illustrates that a short-time solution given by
Eq. (20) and a larger-time solution given by Eq. (22) can be
used to span the complete time domain. Thus, seemingly com-
plicated problems can sometimes be easily solved using the in-
fluence functions given in this paper.
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